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ABSTRACT 
For a primitive matrix A of order n + k having a primitive submatrix of order 71, 
we prove that the exponent of A is at most (n - 1)” + 2k + 1. We characterize 
those matrices attaining the bound in terms of their directed graphs, and explicitly 
describe those graphs for the case that k < 2n. 0 Elsevier Science Inc., 1997 
1. INTRODUCTION 
A square entrywise nonnegative matrix A is called primitive if A”’ has all 
entries positive for some m > I. The smallest such m is called the exponent 
of A, and is denoted y(A). (W e remark that the exponent of a primitive 
1 X 1 matrix is defined to be 0.) It follows that for any p 2 y(A), AP must 
also have all entries positive. The exponent of a primitive matrix is a 
much-studied quantity (see [l] for a list of results and references), and a good 
deal of work has been done on constructing upper bounds on the exponent. A 
celebrated result of Wielandt [7] states that if A is an n X n primitive matrix, 
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then y(A) < (n - 1)’ + 1, with equality holding if and only if there is a 
permutation matrix P such that PAPT is diagonally equivalent to the 
Wielandt matrix, that is, 
D,PAPTD, = M, = 
0 1 0 0 ... 0 
0 0 1 0 0-e 0 
. . . . . . . . 
(j (j ..: 0 1’ 0 
1 0 *** 0 0 1 
1 0 .** 0 0 0 
_ 
where D, and D, are nonsingular diagonal matrices with all entries on the 
diagonal positive. 
Evidently the primitivity (or lack thereof) of a nonnegative n X 12 matrix 
A, and the value of y( A), d o not depend on the sizes of the nonzero entries 
of A, only on their positions within A. Consequently, we can study y(A) by 
making use of the directed graph associated with A, G(A), that is, the 
directed graph on vertices 1,. . . , n which contains the arc i + j if and only if 
aij z 0. It is well known that there is a walk of length t from vertex i to 
vertex j in G = G(A) if and only if the (i, j> entry of the tth power of A is 
nonzero. Therefore, by analogy with the matrix situation, we say that a 
directed graph G is primitive if there is an m such that G contains a walk of 
length m between any pair of vertices, and we define the exponent of G, 
y(G), to be the minimum such m. (The exponent of the primitive digraph 
with one vertex at which there is a loop is defined to be 0.) Clearly a directed 
graph G is primitive if and only if it is the directed graph of some primitive 
matrix. We remark that a number of bounds on the exponent of a primitive 
matrix involve parameters of the associated directed graph, and have proofs 
which make use of graph theoretic arguments (see [2, 5, 6] for example). 
Consider the following simple way to construct a directed graph G on 
n + k vertices: start with a primitive directed graph H on n vertices, then 
add in the remaining k vertices, ensuring that for each of these new vertices, 
there is a walk to some vertex in H, and a walk from some vertex in H. It is 
not difficult to see that the resulting directed graph G is primitive, and that 
observation leads naturally to the following question: If G is a primitive 
directed graph on n + k vertices which is known to have a primitive 
subgraph on n vertices, can we construct a reasonable upper bound on y(G) 
in terms of n and k? In this paper we address that question, producing just 
such an upper bound, and characterizing the graphs for which equality holds 
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in the bound. One of the main ingredients in the characterization is the 
Wielandt graph on n vertices, which we denote by W,; it is the directed 
graph of the Wielandt matrix M,, and is shown in Figure 1. 
2. MAIN RESULTS 
We note that a graph which contains a primitive subgraph is also primitive 
if and only if it is strongly connected. 
Our first theorem gives a bound on the exponent of a primitive directed 
graph in terms of the exponent of a primitive subgraph. 
THEOREM 1. Let G be a strongly connected directed graph on n + k 
vertices which contains a primitive directed subgraph H of order n. Then G i.7 
primitive and y(G) < y( H ) + 2k. 
Proof. Let i and j be any vertices in G. Since G is strongly connected. 
there is a walk from i to each vertex in H and a walk from each vertex in H 
to j. As there are only k vertices in G that are not in H, there are vertices 11 
and v in H such that the distances d(i, u) and d(v, j) are at most k. If i or j 
are vertices of h, the minimum distance is 0. Thus, d(i, u) + d(v,j) < 2k. 
Since H is primitive, there is a walk in H from u to G of length y(H) + 
(2k - [d(i, u) + d(v, j)]}. Th a IS, in G there is a walk from i to j of length t 
y(H) + 2k, and hence, y(G) < y(H) + 2k. ??
COROLLARY 1.1. Let G be a strongly connected directed graph on n + k 
vertices which has a primitive directed subgraph of order n > 2. Then 
y(G) < (n - 1)’ + 2k + 1. 
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Proof. The result follows from Theorem 1 and an application of 
Wielandt’s bound to the primitive subgraph of order n. W 
COROLLARY 1.2. Let G be a strongly connected directed graph on n + 1 
vertices which has a loop. Then y(G) < 2n. 
Proof. The result can be established either by appealing to Theorem 1 
and noting that the exponent of the primitive digraph with one vertex is 0, or 
by appealing to a more general ‘result of Holladay and Varga [3] on the 
exponent of a primitive matrix with at least one positive diagonal entry. ??
A result of Lewin and Vitek [4] states that if G is a primitive directed 
graph on n vertices such that 
then G contains cycles of just two different lengths. Our next corollary gives 
some more information about the structure of such a directed graph. 
COROLLARY 1.3. Suppose that G is a primitive directed graph on n > 4 
vertices, and that y(G) > [[(n - 1>2 + 1]/2] + 2. Zf G has a primitive 
subgraph of order m, then necessarily, 
m> $(n -3) +2. 
I I 
Proof. From Corollary 1.1 and the hypotheses of this corollary, we find 
that (m - 1)’ + 1 + 2(n - m> > y(G) 2 [[(n - 1>2 + 1]/2] + 2. Conse- 
quently, Cm - 2j2 2 [[(n - 1j2 + 1]/2] - 2(n - 2). Solving for m, we get 
m> ([‘“-f+‘j -2(a-P))1’2+2. 
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A routine check shows that shows that 
(I +y+q -2(n-2))L/z>!E(n-2). ??
Next, we turn to the problem of characterizing the graphs yielding 
equality in Corollaries 1.1 and 1.2. The following result will be useful. 
PROPOSITION 1. Let G be a strongly connected directed graph on n + k 
vertices which contains a primitive directed subgraph H on vertices 1, . . . , n. 
Zf y(G) = y(W) + 2 k, then the vertices of G can be relabeled so that: 
(i) There are pairs of vertices (not necessarily distinct) of H, 
(a,, b,), . . . ,(a,, b,), such that there is no walk in H of length y(H) - 1 
from a, to bi, 1 < i < p. 
(ii) There are indices k,, . . . , k,,, with k, + .a* +k,, = k, such that G 
contains the path n + 1 + n + 2 -+ .*a -+ n + k, -+ n + k, + 1 -+ ... 
* n + k, + k, + **a --) n + k, + a*. +k,, along with the arcs n + 
k, + **. +ki + n + k, + *.a +k,_z + 1, 2 < i < m. 
(iii) The only other arcs in G are of the form bi * n + 1 and n + k 1 + a, 
for at least one i with 1 < i < p, and n + u -+ n + v, where u and v satisfy 
k, + ..a +k,_, + 1 -G v <u < k, + a.. +k,. 
Moreover, for 1 <i < m, thereisnowalkinGfromn + k, + ..* +ki_, + 1 
ton+k,+ .** +ki of length y(H) + 2k, + 0.. +2k, - 1. 
Proof. Proof of (i): Suppose that for every pair of vertices of H there is 
a path of length y( H > - 1 in G. Then by considering the line of proof of 
Theorem 1, we arrive at the conclusion that y(G) < y(H) + 2k, a contra- 
diction. This proves (i). 
Proof of (ii and iii): Consider the paths which start at a vertex in H, travel 
through some or all of n + 1, . . . , n + k, then end at a vertex in H. Amongst 
all such paths, select a shortest one, without loss of generality, b -+ n + 1 + 
n+2-+ **. + n + k, --) a, where 1 < a,b < n and k, <k. Let H’ be 
the (necessarily primitive) subgraph of G on vertices 1, . . . , n + k,; it follows 
from Theorem 1 that if y(G) = y( H > + 2k, then necessarily y( H ‘1 = 
y(H) + 2k,. Since we chose a shortest path which starts and ends in H, H ’ 
canhavenoarcsoftheform x-+n+iforl<x<nandl<i,noarcsof 
theformn+i-+xforL<r<nandi<k,,andnoarcsoftheform 
n+v+n+uwhere2<v+l<u<k,. 
Let x and y be vertices in H’ such that (x, y> # (n + 1, n + k,). We 
claim that there is always a walk of length y(H) + 2k 1 - 1 from x to y in 
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H’. This is clear if 1 Q x, y Q n, since there is necessarily such a walk in H 
of each length at least exp( H ). Let 1 Q x < n < y < n + k,. Choose a walk 
in H from x to a of length y(H) + 2k, - 1 - (y - n) > y(H), followed 
by the path b -+ n + 1 -+ n + 2 + *.a + y; a similar argument establishes 
the claim if 1 < y < n < x < n + k,. Lastly, let rr + 1 < x, y < n + k,, 
such that (x, y) z (n + 1, IZ + k,). We construct a walk from x to y of 
length y(H) + 2k, - 1 by usingthepathx+x+l-+ ... +n+k,+a 
(of length n + k, + 1 - x), f 11 o owed by a walk in H from a to b of length 
y(H) + 2k, - 1 - (y - n) - (n + k, + 1 - r) [note that this is at least 
y(H), since y - n < k,, n + k, + 1 - x < k 1, and at least one of these 
inequalities is strict], followed by the path b -+ n + 1 + n + 2 + *a. + y 
(of length y - n). This yields the claim. 
In particular, the claim above implies that there can be no arc of the form 
n + u + rr + u where 1 < u < k,; otherwise there would be a walk from 
n + 1 to n + k, of length y(H) + 2k, - 1, which would yield y(H’) < 
y(H) + 2k, - 1. Furth er, if there is a walk from b to a in H of length 
y(H) - 1, it follows that H’ has a walk of length y(H) + 2k, - 1 from 
n + 1 to n + k,. Hence if b + n + 1, n + k, + a, and 1 < a, b < n, then 
(a, b) is necessarily one of (a,, b,), . . . , (a,, b,). It follows that there is no 
walk of length y(H) + 2k, - 1 from n + 1 to n + k, in G. 
If k, = k, then G is H’, and so has the desired form. If k, < k, we 
iterate the above argument, replacing H by H’, and using the fact that the 
onl>; pair of vertices (x, y> in H’ such that there is no walk from x to y of 
length y( H’) - 1 is the pair (n + 1, n + k,). Continuing likewise until for 
some m we obtain k, + **a + k, = k, we arrive at the proposition. ??
In order to characterize the graphs yielding equality in Corollary 1.1, we 
require the following result concerning the Wielandt graph. 
LEMMA 1. Let W,, be the Wielundt graph on n > 2 vertices, us pictured 
in Figure 1. Suppose that m is a number of the form an + j, where 
O~u~n-3und1~j~n-u-2.ThenthereisuwulkinW,,fromn 
to n of length (n - 1)” - m. 
Proof. This follows from the fact that 1 < n - 1 - a - j < n - 2, 
and that (n - 1>2 - m = n2 - 2n + 1 -an -j = n(n - 1 -a -j) + 
(j - 1Xn - 1). ??
Theorem 2 below gives a characterization of the graphs yielding equality 
in Corollary 1.1; Figure 2 gives a general picture of those graphs. In order to 
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n+k, +1 o+k,+k2’k3 ,,+k,+__.+km_, n+k,+...‘k,,.,‘l 
ntk, +k7 ntk,+k2+1 n+kl+...+k,.tl n+k,+...+k, 
FIG. 2. 
prove Theorem 2, we require the following notation. Let {il, . . . , i,,} be a set 
of positive integers, and let N({i,, . . . , i,}) be the set of all nonnegative 
integer combinations of {il, . . . , i,,J. We define N(0) to be {O}. Let S be a 
set of nonnegative integers, and x be a nonnegative integer. We define 
x+S={x+a((TES}. 
THEOREM 2. Let G be a strongly connected directed graph on n + k 
vertices containing a primitive directed subgraph, H, of order n B 2. Label 
theverticesofH I,..., n. Then G is primitive and y(G) = (n - 1)” + 2k + 
1 if and only if the following conditions hold: 
(i) The vertices of H can be relabeled so that H = IV,,. 
(ii) There are indices k,, . . . , k, , with k , + ..* + k,,, = k, such that C 
contains the path n + 1 -+ n + 2 -+ *.. -+ n + k, + n + k, + 1 + ... 
+ n + k, + k, -+ **a + n + k, + *.a +k,,,, along with the arcs 11 + 
k, + ... +ki + n + k, + 1.0 i-k,_, + 1, 2 < i < m. 
(iii) The only th o erarcsinGarethearcn + n + 1, thearcn + k, 4 II, 
and possibly some arcs of the form n + u 4 n + v, where k, + *.* + k, , + 
1 < v < u < k, + ... +ki for some 2 < i < m, or 1 < G < IL < k,. 
Further, the following number theoretic conditions must he satisfied: 
(iv) k, + 1 E iV({n - 1, n}) and k,_l + k, E N({n - 1, n}) for 2 < i < 
m. 
(v) Letting Ci=(u-v+lln+u-,n+v and k,+...+k,.-,+ 
l<v<u<k,+ .*. + ki}, we must have C, c N({n - 1, n}) for 1 < i < )u. 
2k,(vi) For each i, with 1 < i,, < m, we have (n - 1)” + 2k E k,,, + 
‘II+ 1 + ... +2k,,_l + 2k,, - 1 + N(C,,J u --. u C,,, u {kio + k,,,,, . . . , 
k,,_l + k,,}). Also, (n - 1)’ + 2k @ k, - 1 + N(C,,,), and (n - 1)” E 3’ 
(C, U ... u C,, u 11 + k,, k, + k,, . . . , k,,,_, + k,,,}). 
Proof. Suppose that y(G) = ( n - 1)’ + 2k + 1. Then necessarily any 
primitive subgraph H on n vertices must have exponent (n - 1)’ + 1, and 
202 LEROY B. BEASLEY AND STEVE KIRKLAND 
so the vertices of such an H can be relabelled to yield W,. Properties (i>-(iii> 
now follow from properties (i>-(iv) of Proposition 1. 
Note that Proposition 1 also implies in particular that there can be no 
walk in G from n + k, + a** +k,_, + 1 to n + k, + *.* +k, having length 
(n - 1j2 + 2k, + a** 2k,. Suppose that ki_l -t ki GZ N({n - 1, n)> for some 
1 < i Q m; then k,_l + ki = an +j, for some 0 Q a < n - 3 and 1 <j < 
n - a - 2. In that case, we could then construct a walk from n + k, + .** 
+ k,_, + 1 to n + k, + .*a + k, having length (n - lj2 + 2k, + 
***2k, by startingwith the path n + k, + a** + k,_, + 1 + *** + n + 
k, + ... + k, +n+k,+ *.. + km_, + 1 + ... + n + k, + e.0 
+ km_, -+ n + k, + **+ + km_, + 1 -+ *** + n + k, + *a* 
+k m-2 -+ e-0 -+ n + k, -+ n (which has length k, + **a + k,), follow- 
ing it with a walk in the subgraph on vertices 1,. . , , n from vertex n to itself 
of length (n - lj2 - ki_l - kj (which is guaranteed by Lemma l), and 
following that by a walk from n to n + k 1 + *** + k, which is composed 
of the path from n ton + k, + a** + k,, interrupted by a single traversal 
of the cycle of length k,_l + ki at vertex n + k, + e-0 + ki. Thus, ki_l 
+ kj 4 N({n - 1, n)) yi e Id s a contradiction; an analogous argument on 
k, + 1 shows that (iv) must hold. Property (v) is similarly established. 
Next, fix i, such that 1 < i, < m, and consider a walk from n + 
k, + *a* +k,_, + 1 to n + k, + *** + k, involving only the vertices n + k 1 
+ *a- +k,,_l + 1,. . . , n + k, + a** + k,. Any such walk can be decomposed 
as follows: a path from n + k, + a*. +k,_, + 1 to n + k, + *a* +ki,_l + 1 
and a path back from n + k, + e-0 +ki,_l + 1 to n + k, + .*a +k,_, + 1 
(for a total of kiO + 2ki,+l + **a +2k,_, + k, arcs>; a path from n + 
k, + *.. +k,_, + 1 to n + k, + 0.. +k, (for a total of k, - 1 arcs); and 
some cycles involving vertices n + k, + *a* +k,,_l + 1, . . . . n + k, + *** + 
k,. Now, by Proposition 1, no such walk can be of length (n - lj2 + 2k, 
+ ..* +2k,, and consequently we must have (n - 1)’ + 2k E kiO + 2ki,+i 
+ ..a +2k,_, + 2k, - 1 + N(C,O u .a* u C, u {k,, + kiO + 1>“‘, k m-1 
+ k,}). This establishes the necessity of the first part of (vi); the second and 
third parts of (vi) follow from arguing as above on a walk from n + 
k, + *+* +k,_, + 1 to n + k, + *** + k, involving only the vertices n + 
k, + *a. +k,_, + 1, . . . . n + k, + -0. +k,, and on a walk from n + 
k, + *a* +k,_, + 1 to n + k, + *** + k, involving only the vertices n, n -t- 
1 ,..., n + k, + *a. +k,. 
Now we suppose that the directed graph G satisfies ($0); we will show 
that there is no walk from n + k, + *** +k,_, + 1 to n + k, + *.* +k, of 
length (n - 1>2 + 2k, + **. +2k,, which, in conjunction with Theorem 1, 
will establish that -y(G) = (n - 1)’ + 2k + 1. As above, condition (vi) en- 
sures that there can be no such walk involving only the vertices n + 1,. . . , 
n + k. 
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We next claim that there is no walk from n + k, + .** +k,_ 1 + 1 to 
n + k, + **. +k, of length (n - 1)’ + 2k, + +-. +2k, involving any of 
vertices 1, . . . , n - 1. To see the claim, note that any such walk can be 
broken into several disjoint pieces: a path from n + k, + *.* + k,-, + 1 to 
n and a path from n to n + k, + ... +k,,, for a total of 2k, + *.. +2k,,, 
arcs; and some cycles in G, whose lengths necessarily sum to (n - 1)‘. If 
such a walk involves any of vertices I,. . . , n - 1, then necessarily the walk 
must also include at least one n-cycle on vertices 1, . . . , n (this is because the 
walk must pass through vertex n in order to get from a vertex u > n to a 
vertex b < n). Consequently, there is at least one cycle of length n in such a 
walk, and since every cycle in G has length in N({n - 1, n}) [this follows 
from (i), (iv), and (v)], we find that (n - 1)’ = xn + y(n - 1) for some 
nonnegative integers x and y with x > 1. This is a contradiction. 
Consequently, there is no walk from n + k, + ... + k, _ 1 + 1 to n + 
k, + ... +k,, of length (n - 1)’ + 2k, and so y(G) = (n - 1)” + 2k + 1, 
as desired. ??
Unfortunately the number theoretic conditions of Theorem 2 are cumber- 
some to verify in general, However, if k is not too large compared to II, 
things are simpler; the following corollary explicitly describes the graphs 
yielding equality in Corollary 1.1 when k < 2n. The proof, which is omitted, 
simply involves a case-by-case analysis of the various possible graphs satisfying 
conditions (i)-(vi) of Theorem 2. In that corollary, we use the notation Pj for 
the path n -+ n + 1 * ..* 
-+ n + c II < 2) < q}. 
+n+j,andZqforthesetofarcs(2n+u- 1 
COROLLARY 2.1. Let G be a strongly connected directed graph on n + k 
vertices which has a primitive subgraph on n > 4 vertices. lf k < 2 n, then 
y(G) = (n - 1)’ + 2k + 1 if and only if G is isomorphic to W,, U A, where 
A is one of the graphs described below: 
for k = n - 1: A = I’,-, U (2n - 1 + n}; 
for k = n: A=P,U(2n-l+n,2n-+n+l}; 
jbrk=2n-2: A=P,,_,U{3n-2-n}; 
fork = 2n - 1: A = P2,,_r U {2 n - I+ n, 3n - 1 -+ 2n + n + l}, 
A=P,,_,U(2n-l+n, 3n-l-+n+l)UT, 
where T C_ (3n - 1 + 2n}, 
A = Pz,-, U {3n - 2 --j n, 3n - 1 + n + 1) U T, 
where T c Z,,_,, or 
A = P211_ 1 U {3n - 1 + n} U T, where T C (3n - 1 + 
n + 1) U Z,,. 
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Further, if n is even, A may also be one of the following graphs: 
fork = 2n - 3: A = P2n_3 U (3n - 3 + n} U T, where T c Z,_,; 
fork = 2n - 2: A = P2n_2 U (2n - 1 --f n,3n - 2 + n + l}, 
A = Pzn-s U (3n - 2 -+ n, 3n - 2 --) n + l}, or 
A = Pz,_z U (3n - 3 + n, 3n - 2 + n + 1) U T, 
where T c Zn_2; 
for k = 2n - 1: A = Pzn_l U (2n - 1 -+ n, 3n - 2 * n + 1, 3n - 1 
--f 2d, 
A = P2n_1 U (3n - 3 + n, 3n - 1 + n + 1) U T, 
where T c Z,_,, 
A = Pz,-l U (3n - 1 --f n) U T U S, where T C Z, U 
(3n - 1 + n + l}, S C {3n - 2 -+ n + 1, 3n - 1 
+ n + 2) and S # 0, or 
A = Pz,-l U (3n - 2 --f n, 3n - 1 + 12 + 1,3n - 2 + 
n + 1) U T, where T c Z,_,. 
Our last result characterizes the graphs which yield equality in Corol- 
lary 1.2. Its proof is much the same as that of Theorem 2, and is omitted. 
THEOREM 3. Let G be a strongly connected directed graph on k + 1 
vertices which has a loop. Then y(G) = 2k if and only if the vertices of G can 
be relabeled so that the following conditions hold: 
(i> There is a loop at vertex 1 of G. 
(ii) There are indices k,, . . . , k,, with k, + .*a +k, = k, such that G 
contains the path 2 + 3 -+ *.. + k, + 1 + k, + 2 + *a. * k, + k, + 
1 + s.. + k, + . . . +k,, + 1, along with the arcs k, + *** +ki + 1 -+ 
k, + a.. +kipz + 2,2 < i < m. 
(iii) The only other arcs in G are the arc 1 -+ 2, the arc k, + 1 + 1, 
and arcs of the form u + 1 + v + 1, where k, + .** +ki_l + 1 < v < u Q 
k, + a.. +ki for some 2 < i Q m, or 1 < v < u < k,. 
Further, the following number theoretic condition must be satisfied: 
(iv) For each i, with 1 < i, < m, we have 2k - 1 P kiO + 2k,,+l + 
..*+2k,_, + 2k, - 1 +N(Ci u . ..uC. ~{k~,+k~~+~,...,k,_~ + 
k,,,}), and 2k - 1 @ k, - 1 + N(C,), where C,, . . . , C, are defined as in 
Theorem 2. 
OPEN PROBLEM. Suppose that we are given a pair of integers n and k 
with n > 2. If k > (n - 1j2, we can construct a primitive directed graph G 
on n + k vertices which has a primitive subgraph H on n vertices such that 
EXPONENT OF A PRIMITIVE MATRIX 205 
y(G) = (n - 1)’ + 2k + I as follows: append a k + l-cycle to vertex n of 
W, [a straightforward check shows that condition (i)-(vi) of Theorem 2 are 
satisfied by that graph]. On the other hand, we see from Corollary 2.1 that if 
k < n - 1 then there is no graph yielding equality in Corollary 1.1, while if 
n G k < 2n, then only certain values of k will admit such a graph. So what 
conditions on n and k will ensure the existence of a graph yielding equality 
in Corollary l.l? 
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